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Moduli spaces for four- and five-dimensional black holes

J. Gutowski
Center for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, England

G. Papadopoulos
Department of Mathematics, King’s College London, Strand, London WC2R 2LS, England

~Received 21 March 2000; published 24 August 2000!

We propose a universal expression for the moduli metric of a class of four- and five-dimensional black holes
which preserve at least four supersymmetries. These include the black holes that are associated with various
intersecting branes in ten and eleven dimensions, the electrically charged black holes ofN52, D55 andN
52, D54 supergravities with any number of vector multiplets, and dyonic black holes ofN52, D54
supergravity. The moduli metric of electrically chargedN52, D54 black holes coupled to any number of
vector multiplets is explicitly computed. We also investigate the superconformal symmetries of the black hole
moduli spaces for small black hole separations.
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I. INTRODUCTION

In the past few years there has been much interes
investigating the geometry of the moduli spaces of vario
supersymmetric black hole solutions of supergravity theo
following some earlier work in@1–3#. Supersymmetric black
hole solutions are thought as the solitons of supergravity
so provide a macroscopic description of the solitons
strings and M theory. As such one can investigate th
moduli spaces in analogy with similar investigations of t
moduli spaces of Bogomol’nyi-Prasad-Sommerfield~BPS!
monopoles in the context of Yang-Mills theory. Howev
unlike the case of BPS monopoles, the geometry of
moduli space of various black holes is related to that of
target space of supersymmetric sigma models in one dim
sion with nonvanishing torsion@4#; for more recent work on
the geometry of one-dimensional sigma models see@5#. This
has been first established in@6# for a class ofD55 black
holes that preserve 1/4 of the maximal supersymmetry
later extended for the electric black holes ofD55, N52
supergravity coupled to the graviphoton@7#. In the former
case, the geometry of black hole moduli space is a str
hyper-Kähler manifold with torsion~HKT! while in the latter
is weak HKT@8#. Later it was found that the moduli space
electrically charged black holes ofN52, D55 supergravity
with any number of vector multiplets is again weak HKT@9#.
More recently, the moduli space of~four-dimensional!
Reissner-Nordstro¨m black holes was investigated@10# and
again it was confirmed that its geometry is related to tha
a class of one-dimensional sigma models which in addit
to some bosonic multiplets also contain fermionic ones@4#.
A common characteristic of all the above cases is that
geometry on the moduli space of these black holes is de
mined by a scalar function, a ‘‘moduli potential.’’ The au
thors of @7,10# also investigated the symmetries of th
moduli spaces of theN52, D55 graviphoton and the
Reissner-Nordstro¨m black holes for small black hole separ
tions and they found that they exhibit aD(2,1;0) supercon-
formal symmetry.
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In this paper, we propose a moduli metric for a class
black holes in four and five dimensions that preserve at le
four supersymmetry charges of the underlying supergra
theory. Typically, we consider black holes of maximal sup
gravities or black holes ofN52 supergravities in four and
five dimensions. To be specific, if the metric of supersy
metric black holes is given by

ds252A2dt21B2dxdx, ~1.1!

then the moduli potentialm is

m5E dD21xA22B2, ~1.2!

where D55 or D54. The integration is over the spatia
directions of the black hole with respect to the Euclide
metric. It is assumed that the solution is perturbed within
appropriate supergravity theory and the only moduli para
eters are the positions of the black holes. The above ch
of the moduli potential is independent from the choice
frame of the associated supergravity theory. One novel pr
erty of our expression for the moduli potential is that it i
cludes all the examples of known black hole moduli pote
tials that have been computed so far. We also explic
compute the moduli metric of the electrically charged bla
hole solutions ofN52, D54 supergravity@11# in Sec. VIII
and we find that it is again given by Eq.~1.2!. In addition, we
verify that the effective action associated with the mod
potential~1.2! of a certain class of black holes exhibits th
expected super-conformal symmetries for small black h
separations. The metric and torsion on the black hole mo
space associated with the moduli potential~1.2! are given in
Secs. VI and VII.

We first apply our formula to four- and five-dimension
black holes that can be constructed by reducing intersec
brane configurations from ten and eleven dimensions.
©2000 The American Physical Society23-1
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show that the moduli potential is invariant under theT andS
dualities of type II strings and independent from the cho
of frame of the supergravity theories. Moreover, Eq.~1.2!
can be partially motivated by the universality of the ratio
the conformal factor of the transverse directions of
branes modulo that of the worldvolume directions. Since
moduli space of a class of electrically charged black ho
has been explicitly computed, if one assumes that the mo
metric is S- and T-duality invariant, then one can establis
Eq. ~1.2!. Another application of the moduli potential~1.2! is
in establishing the moduli metric of intersecting brane co
figurations as will be explained in section three.

We next apply our formula~1.2! to a class of four- and
five-dimensional black holes associated withN52, D55 su-
pergravity with any number of vector multiplets. The mod
potential of the electrically charged black holes of this the
has been explicitly computed and agrees with Eq.~1.2!. This
includes the case of five-dimensional black holes couple
the graviphoton and investigated in@7#. In four dimensions
our formula agrees with the moduli potential computed fro
the moduli metric of~four-dimensional! Reissner-Nordstro¨m
black holes. Next we apply Eq.~1.2! to give the moduli
potential of the dyonic four-dimensional black holes th
arise from the reduction of the string solutions ofN52, D
55 supergravity superposed with app wave and the electri-
cally chargedN52, D55 black holes in the background o
a Kaluza-Klein~KK ! monopole. We also verify with an ex
plicit computation that the moduli potential of the fou
dimensional electrically charged black holes ofN52, D
54 supergravity is again given by Eq.~1.2!. We remark that
the above mentioned dyonic black holes are dual to th
electric ones. Finally, we investigate the supersymmetric
superconformal properties of the effective actions of all
above black holes. We find that for the class of such bl
holes which have regular horizons the effective action exh
its D(2,1;0) superconformal symmetry at small black ho
separations.

This paper has been organized as follows: In Sec. II,
describe the moduli potential of four- and five-dimension
black holes that arise from brane intersections in ten
eleven dimensions. In Sec. III, we provide evidence in s
port of Eq.~1.2! using duality. In Sec. IV, we give the four
dimensional dyonic black hole solutions which are red
tions of the string solutions superposed with app wave and
the electrically charged solutions superposed with a
monopole ofN52, D55 supergravity. In Sec. V, we appl
our formula to give the moduli potential of all the abov
black holes and as an example we present the moduli po
tial of black holes associated with the STU model. In S
VI, we construct the effective theory of five-dimension
black holes and examine its superconformal properties
Sec. VII, we construct the effective theory of fou
dimensional black holes and examine its superconfor
properties. In Sec. VIII, we compute the moduli metric of t
electrically charged four-dimensional black holes ofN52
supergravity coupled to any number of vector multiplets a
in Sec. IX we give our conclusions.
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II. BLACK HOLES IN FOUR AND FIVE DIMENSIONS

A large class of four- and five-dimensional black hole1

can be constructed by appropriately reducing intersec
brane configurations of strings and M theory@12#. This has
been widely explored in the literature@12–15#. These in par-
ticular include the black holes that have been used to p
form a microscopic computation of the Bekenstein-Hawki
entropy in@16,17#. It has been observed in@14# that the met-
ric of such black hole solutions can be expressed as

ds252lD23dt21l21ds2~ED21!, ~2.1!

where

l5~P I 51
n HI !

21/~D22!, ~2.2!

and

P I 51
n HI5H1 ...Hn . ~2.3!

The functionsHI are harmonic inED21, i.e.,

HI5hI1(
A

l IA

ux2yIAuD23 . ~2.4!

The constants$hI ;I 51, . . . ,n% can be related to the
asymptotic values of the various scalars of the supergra
theory, $l IA ;A51, . . . ,NI ;I 51, . . . ,n% are the black hole
charges and$yIA ;A51, . . . ,NI ;I 51, . . . ,n% are the black
hole positions. For five-dimensional black holes (D55) n
<3 and for four-dimensional black holes (D54) n<4. A
subclass of such black holes are those for which the posit
of the harmonic functions coincide, i.e.,

yIA5yJA ~2.5!

for IÞJ. If in addition n53 for D55 or n54 for D54,
then these black holes have regular horizons.

The black holes that are described by the metric~2.1!
carry electric or magnetic or both electric and magne
charges. The origin of these charges can be traced in t
interpretation as intersecting branes in ten or eleven dim
sions. In broad terms if the black hole is associated w
M-2-branes andpp waves, then it is electrically charged bu
if it is associated withM-5-branes and KK monopoles, the
it is magnetically charged. There are also dyonic black ho
that are associated with both electric and magnetic bra
The Maxwell fields that the above black holes couple to
either KK vectors due to the reduction or they are associa
to the various brane field strengths in ten and eleven dim
sions. In some cases, it is possible to take linear comb
tions of the Maxwell fields such that it can appear tha
black hole couples to fewer Maxwell fields than it may
expected. This mostly arises when we set the various
monic functions that the black holes depend on to be eq

1We use the term black holes to characterize all static solution
supergravity which are asymptotically flat. In particular, we do n
require for the solutions to have an event horizon.
3-2
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Since, we shall not use the explicit expression of the M
well fields of the solutions in what follows we shall negle
them.

Using the expression for the moduli potential proposed
the Introduction, we find that

m5E dD21x l22D ~2.6!

or equivalently

m5E dD21x P I 51
n HI . ~2.7!

In the five-dimensional case (D55), for n51 the moduli
space is flat, forn52 the moduli space is strong HKT an
for n53 the moduli space is weak HKT. Such solutio
preserve 1/2, 1/4 and 1/8 of supersymmetry, respectiv
Moreover they are associated with configurations in stri
and M theory that involve one brane, two branes and th
branes, respectively. The general case is that with three
monic functions since all the others can be derived from it
setting one or more of the harmonic functions to be const
Another simplification of then53 case is to set all the har
monic functions to be equal: i.e.,

H5H15H25H3 . ~2.8!

In that case, the moduli potential becomes

m5E d4x H3. ~2.9!

This moduli potential is the same as that of the black hole
N52 supergravity coupled to the graviphoton and derived
@7#. In fact, the graviphoton black hole can be constructed
reducing theM-brane configuration of three intersectin
M-2-branes on a 0-brane with all three harmonic functio
associated with eachM-2-brane set to be equal@12#. In this
case, the moduli potential~2.9! has been verified by an ex
plicit calculation. For the rest of the cases, we shall prov
an argument in the next section.

The superconformal properties of the moduli space~2.9!
for small black hole separation are the same as thos
graviphoton black holes investigated in@7#. A more general
case arises whenever we choose the positions of the
monic functions to be the same but the asymptotic value
the scalars and the charges to be different: i.e.,

HI5hI1(
A

l IA

ux2yAuD23 . ~2.10!

The superconformal properties of these black holes will
investigated in Sec. VI.

In the four-dimensional case (D54), for n51 the
moduli space is flat and forn54 the geometry on the modu
space generalizes that on the moduli space of the Reiss
Nordström black holes. The rest of the cases are new.
n51 the solutions preserve 1/2, forn52 the solutions pre-
serve 1/4, forn53 andn54 the solutions preserve 1/8 o
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the maximal supersymmetry, respectively. As in the fiv
dimensional case, the most general case arises whenevn
54 since all the other cases can be derived by setting on
more harmonic functions to be constant. Another simplific
tion of then54 case is to set all the harmonic functions
be equal: i.e.,

H5H15H25H35H4 . ~2.11!

In that case, the moduli potential becomes

m5E d3xH4. ~2.12!

The geometry on the moduli space then is that of
Reissner-Nordstro¨m black holes@10#. So the superconforma
properties of the effective theory for small black hole sep
ration are the same as those of the Reissner-Nordstro¨m black
holes. A more general case arises whenever we choose
positions of the harmonic functions to be the same but
asymptotic values of the scalars and the charges to be di
ent as in Eq.~2.10!. The superconformal properties of the
black holes will be investigated in Sec. VII.

III. MODULI SPACES FROM INTERSECTING BRANES

It is well known that all of the supersymmetric blac
holes in four and five dimensions can be constructed by
ducing intersectingM-brane configurations possibly supe
posed with app wave or a KK monopole. The two latte
configurations reduce to aD-0-brane and aD-6-brane upon
compactification to ten dimensions onS1, respectively@18#.
So one may expect to understand the expression of
moduli potential by investigating the brane solutions
eleven and ten dimensions. We shall argue that indeed s
of the features of the proposed moduli potential of the fo
and five-dimensional black holes have their origin in t
form of the brane solutions in ten and eleven dimensio
But there are also some puzzles.

The first observation toward this concerns the ratio of
components of the metric of all brane solutions in ten a
eleven dimensions. To be specific recall that the spacet
metrics of the various branes are as follows: The metric
the M-2-brane@19# and theM-5-brane@20# are

ds25H1/3@H21ds2~E~1,2!!1ds2~E8!#,
~3.1!

ds25H2/3@H21ds2~E~1,5!!1ds2~E5!#,

respectively, the metrics of theD-p branes@21,22# are

ds25H21/2ds2~E~1,p!!1H1/2ds2~E92p!, ~3.2!

the metric of the fundamental string@23# is

ds25H21ds2~E~1,1!!1ds2~E8!, ~3.3!

and the metric of theNS-5-brane@24# is

ds25ds2~E~1,5!!1Hds2~E4!, ~3.4!
3-3
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whereH is a harmonic function of the transverse directio
in each case. A common characteristic of all these soluti
is that the ratioB2A22 of the conformal factor of the trans
verse directions modulo that of the world volume directio
is equal toH,

B2A225H. ~3.5!

In particular this implies that this ratio is invariant under t
variousT andSdualities that relate the M theory and type
string theories. It also follows from the above observat
and the harmonic function rule@25# that for all the intersect-
ing brane configurations the ratio of the conformal factor
theoverall transversedirections modulo that of thecommon
intersectionis universal and depends only on the numben
of the branes involved in the intersection. In particular,
find that

B2A225H1H2¯Hn . ~3.6!

Incidentally, this ratio is the same as that of the spa
modulo the timelike components of the metric of the asso
ated black holes.

One expects that the moduli space of four- and fi
dimensional black holes, that arise from appropriately red
ing the above brane solutions is flat. This is because
associated black holes preserve 1/2 of the maximal su
symmetry and so the effective action has sixteen supers
metries. Such a high number of supersymmetries render
sigma model target space flat.2 In such case, one can choo
for the black hole moduli potential

m5E dD21xH. ~3.7!

Now if two or more branes are involved in the configuratio
it is natural to take the moduli potential to depend on
product of harmonic functions. This is because all harmo
functions enter in a symmetric way in the black hole metr3

and that if one of them is set to one, sayHk51, 1<k<n, the
expression for the moduli potential should remain symme
in the rest of the harmonic functions. Of course there
many other symmetric polynomials of the harmonic fun
tions which can be added in the expression for the poten
But all of them have degree lower than that of the produ
After setting one or more harmonic functions to one, we
a moduli metric which would be scaled by a conformal fa
tor. In particular, we shall find a scaled version of the pot
tial ~3.7! that is not expected.

Another argument in support of Eq.~1.2! can be estab-
lished using duality. As we have mentioned the express
for the moduli potential isT andSdualities invariant. Now if

2It also follows from the reduction of the effective theories
branes to lower dimensions neglecting possible non-Abelian in
actions and collecting the terms quadratic in the velocities.

3There are completely symmetric brane intersections that give
to four- and five-dimensional black holes. For these the metric,
scalars and the Maxwell fields are all symmetric.
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we assume that black holes that are related byT and S du-
alities should have the same moduli space, then the mo
potential ~1.2! can be derived in the five-dimensional cas
This is because the moduli potential for the graviphot
black hole agrees with Eq.~1.2! and that this black hole is a
reduction from the M-theory configuration of threeM-2-
branes intersecting on a 0-brane. TheM-2-brane configura-
tion is then related to the rest of intersecting branes of stri
and M theory viaT and S dualities which give the rest o
five-dimensional black holes.

It is worth mentioning that our expression for the mod
potential~1.2! can apply to intersecting brane configuration
In this case, the effective theory may not be on
dimensional. Typically, the dimension of the effective theo
is that of the common intersection. Moreover, the effect
theory may contain apart from scalars other fields like v
tors and tensors. However, we argue that the part of
effective theory which describes the dynamics of the sca
that are associated with theoverall positionof the configu-
ration in spacetime, when reduced to one-dimension, c
cides with the effective theory of the black hole that can
constructed from the configuration. To give an example,
us consider the moduli of the solution of eleven-dimensio
supergravity with metric

ds25H1
1/3H2

1/3H3
1/3@2H1

21H2
21H3

21ds2~E!1H1
21ds2~E2!

1H2
21ds2~E2!1H3

21ds2~E2!1ds2~E4!#, ~3.8!

which has the interpretation of threeM-2-branes intersecting
on a 0-brane, whereH1 ,H2 ,H3 are harmonic functions on
E4. The effective theory of the transverse scalars this c
figuration is determined by the moduli potential

m5E d4xH1H2H3 , ~3.9!

which is the ratio of the component of the metric alongE4

~overall transverse! to the component of the metric alongE
~common intersection!. The above moduli potential is o
course the moduli potential of the five-dimensional bla
hole associated with the above configuration. A simi
analysis can be done for other such configurations.

Despite these there are some puzzles. One involves
M-theory configuration of threeM-5-branes pairwise inter
secting on a 3-brane and all together at a string@12#. Reduc-
ing this solution to five dimensions, we find a string soluti
which is in the same universality class as the string soluti
of the N52, D55 supergravity. One might expect that th
effective theory of such strings using the supersymme
projectors of theM-branes to be a~4,0!-supersymmetric two-
dimensional sigma model with strong HKT geometry. Th
would imply that the moduli space has dimension 4N and
that the torsion is a closed three form. Since there are th
transverse scalars for each black hole, the moduli space
in fact dimension 3N and the torsion is not a closed form
The former point can be explained by arguing that there
additional moduli for these black holes. Indeed in stri
theory apart from the transverse scalars, intersecting b
configurations have additional scalar, vector and or even

r-

se
e

3-4



.g

u
a

ira
g
ic
w
t
v

d
ac
w
ca
v

th
e
s
a
rm
d

b

ib

e

a

e

ym-

ed

een
s

n-

MODULI SPACES FOR FOUR- AND FIVE- . . . PHYSICAL REVIEW D 62 064023
sor moduli. The additional scalars may be due to, e
D-brane type of counting; for an example see@26#. All these
can be reduced to five dimensions giving a bigger mod
space from the one we are investigating. The latter point m
also be resolved by observing that the intersection is ch
In such a case the torsion can be modified by addin
Chern-Simons type of term to cancel the anomaly wh
renders the modified torsion to be a nonclosed form. Ho
ever, we have not been able to establish the details of
above arguments. One encounters similar puzzles with e
purely electric solutions as it has already been mentione
@6#. As another one consider the seven-dimensional bl
hole which can be found by reducing the intersection of t
M-2-branes on a 0-brane configuration of M theory. One
easily see that in this case there is missing moduli. Howe
upon reducing the solution further to five-dimensions,
moduli space becomes strong HKT as expected. This app
to be a rather common phenomenon. Upon reducing the
lutions to an appropriate dimension, the geometry of the
sociated black hole moduli space can be understood in te
of that of the target space of a supersymmetric sigma mo

IV. VERY SPECIAL FOUR-DIMENSIONAL
BLACK HOLES

A large class of black holes in four dimensions can
constructed by reducing either the string solution of theN
52 supergravity superposed with app wave or the very
special electrically charged black holes of theN52, D55
supergravity in a KK-monopole background. To descr
these solutions, we first review some aspects ofN52, D
55 supergravity. The bosonic part of the action of fiv
dimensionalN52 supergravity withk vector multiplets is
associated to a hypersurfaceN of Rk defined by the equation

V~X![
1

6
CIJKXIXJXK51, ~4.1!

where $XI ;I 51,...,k% are standard coordinates onRk and
CIJK are constants. In the case of a model arising from
Calabi-Yau compactification of M theory, the constantsCIJK
are the topological intersection numbers of the comp
manifold. Next we set

QIJ[2
1

2

]

]XI

]

]XJ logVuV515
9

2
XIXJ2

1

2
CIJKXK,

~4.2!

hab5QIJ

]XI

]fa

]XJ

]fbU
V51

,

where $fa; i 51,...,k21% are local coordinates ofN, h is
interpreted as a metric onN and

XI5
1

6
CIJKXJXK ~4.3!

are the dual coordinates toXI . Note that the hypersurfac
equationV51 can also be rewritten asXIXI51. Then, the
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bosonic part of the associated supergravity action@27,28#
with vector potentialsAI and scalarsfa is

S5E d5xA2gFR1
1

2
QIJF mn

I FJmn
1hab]mfa]mfbG

2
1

24
emnrstCIJKF mn

I F rs
J A t

K , ~4.4!

where FI5dAI ,I ,J,K51, . . . ,k are the 2-form Maxwell
field strengths,m, n, r, s50, . . . ,4, andg is the metric of
the five-dimensional spacetime; we have used the same s
bol fa to denote both the coordinates ofN and the various
scalar fields of the theory.

The field equations of the above Lagrangian obtain
from varying the scalarsfa, the spacetime metricg, and the
vector potentialsAI are

A2g]aQIJF1

2
F mn

I FJmn
1]mXI]mXJG

22]m~A2gQIJ]mXI !]aXK50, ~4.5!

A2g~Gmn1QIJF mr
I F J

n
r1QIJ]mXI]nXJ!

2
1

2
A2ggmnF1

2
QIJF rs

I FJrs
1QIJ]rXI]rXJG50,

~4.6!

and

22]m@A2gQIJFJmn
#2

1

8
enrsmtCIJKF rs

J F mt
K 50,

~4.7!

respectively. The electrically charged black holes have b
found in @29#. The electrically charged black hole solution
in the background of a KK monopole are

ds252e24Udt21e2U@H0
21~dt1v!21H0dx2#,

A0
I 5e22UXI , ~4.8!

e2UXI5
1

3
HI ,

where

HI5hI1 (
A51

Nt l IA

ux2yIAu
,

~4.9!

H05h01 (
A51

N0 l0A

ux2y0Au

are harmonic functions onE3. The positions of the black
holes are labeled by the coordinates$(y0A ,yIA); A
51, . . . ,NJ ; I 51, . . . ,k%. The constants $(h0 ,hI); I
51, . . . ,k% are the values of the scalar fields at spatial infi
ity and $(l0A ,l IA); A51, . . . ,NI ; I 51, . . . ,k% are the
3-5



-

m
th

ia
rg

b

rd

s.
io
et

o
r
th

r-
e

ra

th

o
io
a
co
io
n

e

is
of

of

d

r

der
be

is
lack

for
n.

-

ur-

ve
e of
uli

h
ch
har-

J. GUTOWSKI AND G. PAPADOPOULOS PHYSICAL REVIEW D62 064023
charges of the black holes. ViewingeU as an additional sca
lar, the last equation in Eq.~4.8! gives thek independent
scalars$eU,fa% in terms of thek harmonic functions$HI%. A
reduction of this solution to four dimensions along the co
pact directiont leads to four-dimensional black holes wi
metric ~in the Einstein frame!

ds252e23UH0
21/2dt21e3UH0

1/2dx2. ~4.10!

These black holes, apart from the electric charges assoc
with those in five dimensions, also have a magnetic cha
with respect to the KK vector of the reduction.

The other class of four-dimensional black holes can
obtained by using the string solution ofN52, D55 super-
gravity of @30#. Superposing this solutions with app wave,
we have

ds25e2U~dudv1H0du2!1e2Udx2,

Fmn
I 52emnp]pHI , ~4.11!

eUXI5HI ,

whereu, v are light-come coordinates and

HI5hI1 (
A51

NI lA
I

ux2yIAu
,

~4.12!

H05h01 (
A51

N0 lA
0

ux2y0Au
.

The positions of the black holes are labeled by the coo
nates$(y0A ,yIA); A51, . . . ,NI ; I 51, . . . ,k% as in the pre-
vious case. The constants$(h0,hI); I 51, . . . ,k% are the val-
ues of the scalar fields at spatial infinity and$(lA

0,lA
I ); A

51, . . . ,NI ; I 51, . . . ,k% are the charges of the black hole
Reducing this solution to four-dimensions along the direct
of the wave leads to a four-dimensional black hole with m
ric in the Einstein frame~see also@11#!

ds252H0
21/2e2~3/2!Udt21H0

1/2e~3/2!Udx2. ~4.13!

These black holes carry magnetic charges which corresp
to the charges of the five-dimensional string. They also ca
an electric charge which is related to the momentum of
pp wave.

Many other dyonic black hole solutions of fou
dimensional supergravity theories are known. Some of th
have been found by investigating the solutions of superg
ity theories associated with the heterotic string@31#. The re-
lation of these black holes to brane configurations of
heterotic string have also been explored@32#.

To express the black hole solutions explicitly in terms
the harmonic functions, one has to solve the stabilizat
equations~see @33#!. From here on, we shall assume th
solutions to these equations exist for the models we are
sidering. We also remark that a special subclass of solut
are those for which the positions of the harmonic functio
are the samey0A5yIA5yJA for IÞJ. These black holes ar
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of interest because they exhibit regular horizons. It
straightforward to see this by extending the arguments
@34,30# which have followed earlier work in@35–37#. In both
cases the near horizon geometry is AdS23S2.

V. THE MODULI POTENTIAL OF NÄ2 BLACK HOLES

The universal formula~1.2! for the moduli potential is in
agreement with the explicitly computed moduli potential
the electrically charged black holes ofN52, D55 super-
gravity with any number of vector multiplets@9#. Moreover,
Eq. ~1.2! is also in agreement with the explicitly compute
moduli potential of the Reissner-Nordstro¨m black hole in
@10#.

Applying Eq. ~1.2!, we find that the moduli potential fo
the black holes~4.10! is

m15E d3xH0e6U, ~5.1!

while for the black holes~4.13! is

m25E d3xH0e3U. ~5.2!

If we again assume that the moduli metric is invariant un
duality, then in both cases the moduli potentials can
derived from that which we compute in Sec. VIII. This
because, as we have mentioned, the above dyonic b
holes are dual to the electrically charged ones ofN52, D54
supergravity.

To give some examples, we have to consider models
which the stabilization equations have an explicit solutio
Such a model is the so called STU model@38#; for other
models see@39,40#. For this, the only nonvanishing compo
nent ofCIJK is C123. For the back holes~4.10!, one can find
that

e6U5H1H2H3 . ~5.3!

Therefore, the moduli potential of the associated fo
dimensional black holes is

m15E d3xH0H1H2H3 . ~5.4!

Similarly for the Eq.~4.13! black holes, we find that

e3U5H1H2H3 ~5.5!

and, consequently, the moduli potential is

m25E d3xH0H1H2H3. ~5.6!

It is apparent that the moduli potential in both the abo
cases is the same. So the geometry on the moduli spac
Eq. ~4.10! black holes is the same as that on the mod
space of Eq.~4.13! black holes. Moreover, it coincides wit
the moduli potential of four-dimensional black holes whi
are associated with intersecting branes and have four
3-6
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monic functions in Secs. II and III. As for the intersectin
branes black holes, we can setH5H05H15H25H3 or H
5H05H15H25H3 . Then the moduli potentialsm1 andm2
reduce to that of Reissner-Nordstro¨m black hole computed in
@10#. A more general case is to take the positions of
harmonic functions of Eq.~4.10! black holes to be the sam
but allow the chargesl IA and the asymptotic values of th
scalars to be different, i.e.,yA5y0A5yIA for I 51, . . . ,k but
h0ÞhIÞhJ and l0AÞl IAÞlJA for IÞJ, and similarly for
the Eq.~4.13! black holes. As we shall see, this class of bla
holes exhibit the same superconformal properties for sm
black hole separation as those of the Reissner-Nordst¨m
black hole.

VI. THE EFFECTIVE THEORY OF FIVE-DIMENSIONAL
BLACK HOLES

A. Supersymmetry

It is straightforward given the moduli potentialm, Eq.
~1.2!, of the five-dimensional black holes to determine t
metric and the torsion on the moduli space. This analysi
the same for all five-dimensional black holes, i.e., those
have the interpretation as intersecting branes in ten or ele
dimensions that preserve 1/8 of the supersymmetry and
black holes ofN52, D55 supergravity that preserve 1/2 o
the supersymmetry. So in what follows we shall not dist
guish between these two cases. The moduli space is a w
HKT manifold @8# with HKT potentialm. So using@41,42#,
the metric and torsion are

ds25F ]mIA]nJB1(
s51

3

~ I s! m
l ~ I s! n

q ] l IA]qJBGmdymIAdynJB,

~6.1!
c56]pIA]qJB]sKCm ~ I 1! m

p ~ I 2! n
q ~ I 3! l

s

3dymIA∧dynJB∧dylKC,

respectively, where$ymIA; m51, . . . ,D21; I 51, . . . ,k;
A51, . . . ,N% label the positions of thekN black holes. The
endomorphisms$I r ; r 51,2,3% are associated with a consta
hypercomplex structure onR4. These induce a hypercomple
structure on the moduli space by setting

~ I r !
mIA

nJB5~ I r ! n
m d J

I d B
A , ~6.2!

which is required for the HKT structure. One can eas
show that the black hole moduli space equipped with me
and torsion~6.1! and hypercomplex structure~6.2! admits an
weak HKT structure.4

The effective theory hasN54B one-dimensional super
symmetry. Both the supersymmetry multiplet and the eff
tive action can be constructed using the general results
supersymmetric sigma models of@4,6# adapted to this case
In particular, we promote the coordinates on the mod
space toN54B superfieldsymIA5ymIA(t,u0,...,u3) and im-
pose the constraint

4For other applications of HKT manifolds, see@45,41#.
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Dry
mIA5~ I r !

mIA
nJBD0ynIA5~ I r ! n

m D0ynIA, ~6.3!

where $D0 , Dr ; r 51,2,3% are the supersymmetry deriva
tives, i.e.,

D0
25Dr

25 i ] t ,

D0Dr1DrD050, ~6.4!

DrDs1DsDr50, rÞs.

The associatedN54B supersymmetric action is

S52
1

2 E dtdu0F igmIA,nJBD0ymIA] ty
nJB

1
1

3!
cmIA,nJB,lKCD0ymIAD0ynJBD0ylKCG . ~6.5!

This action describes the effective theory of five-dimensio
supersymmetric black holes which preserve four sup
charges.

In the special case where the positions of the harmo
functions are the same,yA5yIA, the moduli space is again
weak HKT manifold with HKT potentialm. The metric and
torsion are given by

ds25F ]mA]nB1(
s51

3

~ I s! m
l ~ I s! n

q ] lA]qBGm dymAdynB,

~6.6!

c56]pA]qB]sCm~ I 1! m
p ~ I 2! n

q ~ I 3! l
s dymA∧dynB∧dylC,

respectively. The hypercomplex structure on the mod
space is

~ I r ! nB
mA 5~ I r ! n

m d B
A . ~6.7!

The effective theory has againN54B supersymmetry
one-dimensional supersymmetry. Using again@4,6#, the N
54B superfields ymA5ymA(t,u0,...,u3) satisfy the con-
straint

Dry
mA5~ I r ! nB

mA D0ynA5~ I r ! n
m D0ynA. ~6.8!

The action of the effective theory is

S52
1

2 E dtdu0F igmA,nBD0ymA] ty
nB

1
1

3!
cmA,nB,lCD0ymAD0ynBD0ylCG . ~6.9!

This completes the description of the supersymmetric eff
tive theory actions of five-dimensional black holes.

For black holes that preserve more than four sup
charges, the moduli metric is again determined by the mo
3-7
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potential ~1.2!. However, the effective theory may conta
additional fermionic multiplets. For example, for some bla
holes that preserve eight supercharges the moduli spac
mits two commuting strong HKT structures. The effecti
action then contains additional fermions to construct the
sociated multiplets. These multiplets have been describe
@4,6#. Finally, we remark that the effective actions in both t
above cases can also be written as a full superspace int
as

S52
1

2 E dtd4um. ~6.10!

B. Superconformal symmetry

In @10#, it was shown that for small black hole separatio
the effective theory of the graviphoton electrically charg
black holes ofN52, D55 supergravity exhibitsD(2,1;0)
superconformal symmetry. This is related to the observa
that the near horizon geometry of these black holes
AdS23S3. However, the near horizon geometry of fiv
dimensional black holes that preserve 1/8 of the maxim
supersymmetry and are associated with intersecting bra
and that of the black holes of theN52, D55 supergravity
theory is also AdS23S3. Since this should be the case f
every black hole involved in the superposition, the relev
solutions are those for which all the harmonic functions ha
the same positions.5 So one expects that the effective theo
~6.9! of these black holes will also exhibitD(2,1;0) super-
conformal symmetry for small black hole separations.

The conditions for aN54B supersymmetric sigma mode
to exhibit superconformal symmetry have been investiga
in @42# and we shall not repeat them here in detail.6 We shall
simply verify the conditions that the sigma model manifo
admits a homothetic motion generated by a vector fieldD
and that the associated one-form toD is closed. We shall
then comment about the rest of the conditions.

The limit of small black hole separation is achieved
requiring that the asymptotic constants of the harmonic fu
tions that determine the solutions vanish, i.e.hI→0. Then
following @7#, we write the moduli potential as

m5m11m21m3 , ~6.11!

where

m15E d4x(
A

l1Al2Al3A

ux2yAu6 , ~6.12!

m25E d4x (
AÞB

l1Al2Al3B1l3Al2Al1B1l1Al3Al2B

ux2yAu4ux2yBu2
,

~6.13!

5We also consider in our investigation only STU black holes.
6Superconformal sigma models with scalar potential have b

considered in@43#.
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m35E d4x (
AÞBÞC

l1Al2Bl3C

ux2yAu2ux2yAu2ux2yAu2
. ~6.14!

There is no contribution to the moduli metric fromm1 be-
cause it is independent fromyA as it can be easily seen by
change of variables in the integral. The contribution to t
moduli metric due tom2 has a logarithmic divergenc
ln d/uyA2yBu2 for x→yA , whered is a cutoff, (ux2yAu>d).
However, these terms do not contribute to the moduli met
they are eliminated passing from the potential to the mod
metric because of the differentiation. The term ofm2 that
contributes is

m252p2 (
AÞB

~l1Al2Al3B1l3Al2Al1B

1l1Al3Al2B!
lnuyA2yBu
uyA2yBu2

. ~6.15!

Finally, m3 can be defined without regularization and it
homogeneous of degree7 22, i.e.,

ymA]mAm3522m3 . ~6.16!

The homothetic motion on the moduli space is generated
the vector field

DmA]mA52ymA]mA , ~6.17!

which acting on the moduli metric gives

LDgmA,nB52gmA,nB . ~6.18!

This can be verified by an explicit calculation using the r
tational invariance of the moduli potential

ymA~ I r ! m
n ]nAm250,

~6.19!

ymA~ I r ! m
n ]nAm350.

Invariance of the effective action under special conform
transformation requires that

DmAdymA ~6.20!

is a closed one-form, where we have used the moduli me
to lower the indices of the components ofD. To show this,
we first observe that the part of the metric associated withm3
is degenerate alongD. Using this, we find that

n

7In the case for which all the positions of the harmonic functio
are different,m3 is the only contributing term. But as we shall se
later, in this case the moduli metric is degenerate.
3-8
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DmAdymA52gmA,nBynBdymA

52p2dF (
AÞB

l1Al2Al3B1l3Al2Al1B1l1Al3Al2B

uyA2yBu2 G , ~6.21!
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and soDmAdymA is closed as required. It turns out that th
rest of the conditions for superconformal invariance a
hold. Therefore the moduli geometry for small black ho
separation exhibits aD(2,1;0) superconformal invariance.

VII. THE EFFECTIVE THEORY OF FOUR-DIMENSIONAL
BLACK HOLES

A. Supersymmetry

The effective theory of four-dimensional black hol
which preserve 1/8 of the maximal supersymmetry is
pected to have four supercharges. The dimension of
moduli space is 3nN, wheren is the number of harmonic
functions of the solution andN is the number of positions o
each harmonic function. The description of the effect
theory is the same for all four-dimensional black holes, i
those that have the interpretation as intersecting branes in
or in eleven dimensions, the black holes that are reduct
of the solutions superposed with a pp wave or a KK mo
pole of N52, D55 supergravity and preserve 1/2 of th
supersymmetry and the electrically charged black holes
N52, D54 supergravity. To keep the notation uniform, w
label the positions of the former black holes as$yIA; I
51, . . . ,n; A51, . . . ,N% and the positions of the latte
black holes as$yIA; I 50,1, . . . ,k; A51, . . . ,N% with n5k
11. The range ofI can be different in the two cases but th
would not affect our formulas below.

Next we derive the supersymmetry multiplet and the
fective action of the above black holes by appropriat
adapting the general results of@4# on supersymmetric one
dimensional sigma models and by comparing with the eff
tive action of Reissner-Nordstro¨m black holes in@10#. In
particular, we promote the positions of the black holes
superfields asyIA5yIA(t,u0,...,u3) and add a new super
symmetry fermionic multipletc IA(t,u0,...,u3). In addition,
we impose the constraints

Dry
mIA5e r

m
nD0ynIA1d r

mc IA,
~7.1!

Drc
IA5 id rn] ty

nIA.

We remark that all the four-dimensional black holes asso
ated with intersecting branes with four harmonic functio
and those that are reductions ofN52, D55 supergravity are
charged with respect one KK vector. Therefore the argum
in @10# applies for the presence of the fermionic multiple
i.e., that they are due to zero modes along the KK direct
The manifestly supersymmetric effective action of the fo
dimensional black holes is
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S52
1

2 E dtd4um~y!. ~7.2!

Rewriting this action in terms of theN51 superfields

qmIA5ymIAuur50 , r 51,2,3,
~7.3!

x IA5c IAuur50 , r 51,2,3

by integrating overu1, u2, andu3 and by using the con-
straints~7.1!, we find

S5E dtduF2
i

2
gmIA,nJBDqmIA] tq

nJB2
1

2
hIA,JBx IADxJB

1 i f mIA,JB] tq
mIAxJB

1
1

3!
cmIA,nJB,lKCDqmIADqnJBDqlKC

1
1

2
nmIA,nJB,KCDqmIADqnJBxKC

1
1

2
mmIA,JB,KCDqmIAxJBxKC

1
1

3!
l IA,JB,KCx IAx IBxKCG , ~7.4!

where

gmIA,nJB5@]mIA]nJB1e m
lp e l

q
n]pIA]qJB#m,

hIA,JB5dmn]mIA]nJBm,

f mIA,JB5e m
nl ]nIA] lJBm,

cmIA,nJB,lKC5
1

2
epqrep

s
meq

t
ne r

u
l]sIA] tJB]uKCm,

~7.5!

nmIA,nJB,KC5S 1

2
epqlep

s
meq

u
n

1em
s
ld n

u D ]sIA]uJB] lKCm,

mmIA,JB,KC5
1

2
epqsep

l
m] l IA]qJB]sKCm,
3-9
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l IA,JB,KC5
1

2
emns]mIA]nJB]sKCm,

and we have setu05u. In particular, the moduli metric is

ds25@]mIA]nJB1e m
lp e l

q
n]pIA]qJB#mdymIAdynJB.

~7.6!

In the special case where the positions of the harmo
functions are the same,yA5yIA, to construct the effective
action, we again promoteyA to superfields and introduceN
additional fermionic multipletscA. These multiplets satisfy
the constraints

Dry
mA5e r

m
nD0ynA1dm

rc
A,

~7.7!
Drc

A5 id rn] ty
nA.

The effective action is again given by Eq.~7.2!. Expanding
the action in terms of theN51 superfields

qmA5ymAuur50 , r 51,2,3,
~7.8!

xA5cAuur50 , r 51,2,3,

we find that

S5E dtduF2
i

2
gmA,nBDqmA] tq

nB2
1

2
hABxADxB

1 i f mA,B] tq
mAxB1

1

3!
cm,A,nB,lCDqmADqnBDqlC

1
1

2
nmA,nB,CDqmADqnBxC1

1

2
mmA,B,CDqmAxBxC

1
1

3!
l ABCxAxBxCG , ~7.9!

where

gmA,nB5@]mA]nB1e m
lp e l

q
n]pA]qB#m,

hAB5dmn]mA]nBm,

f mA,B5e m
nl ]nA] lBm,

cmA,nB,lC5
1

2
epqrep

s
meq

t
ne r

u
l]sA] tB]uCm, ~7.10!

nmA,nB,C5S 1

2
epqlep

s
meq

u
n1e m

s d n
u D ]sA]uB] lCm,

mmA,B,C5
1

2
epqsep

l
m] lA]qB]sCm,

l ABC5
1

2
emns]mA]nB]sCm,
06402
ic

and again we have setu05u. In particular, the moduli met-
ric is

ds25@]mA]nB1e lp
m e l

q
n]pA]qB#mdymAdynB. ~7.11!

This completes the description of the supersymmetric eff
tive actions for four-dimensional black holes.

For four-dimensional black holes that preserve more
persymmetry, the moduli potential is again given by E
~1.2!. However, in the description of the effective theory o
may have to add additional one-dimensional fields to
scribe the supersymmetry multiplets. These are required
supersymmetry as in the five-dimensional case.

B. Superconformal symmetry

The investigation of superconformal symmetry of t
moduli space of four-dimensional black holes for small bla
hole separation is similar to that presented for the Reiss
Nordström black hole in @10#. In particular, the effective
theory admits aD(2,1;0) superconformal symmetry in th
near horizon limit. As in the four-dimensional case, the r
evant class of black holes are those that exhibit regular n
horizon geometry. These are the black holes that have
harmonic functions8 with the same centers for which the ne
horizon geometry at every center is AdS23S2.

The conditions for a sigma model action such as Eq.~7.9!
to exhibit superconformal symmetry have been given in@10#
and we shall not repeat them here. In what follows, we sh
show that our moduli metric admits a homothetic moti
generated by a vector fieldD and that the associated on
form of D is closed. To begin, we write

gmA,nB5Gmn
kl ]kA] lBm, ~7.12!

where

Gmn
kl 5dm

k dn
l 1e m

rk e r
l
n . ~7.13!

Since we expect a close relationship between the super
formal properties of the five-dimensional black holes a
those of the four-dimensional ones, we take the vector fi
D which generates the homothetic motion to be the follo
ing:

DmA]mA5
2

h
ymA]mA , ~7.14!

whereh is a constant which will be determined. Using o
ansatz forD and the expression~7.12!, we find thatD is a
homothety if

~ymA]mA2h!m5
h

2
K, ~7.15!

whereK is in the kernel of the operator

8We also consider only the black holes and string solutions of
N52, D55 supergravity associated with the STU model.
3-10
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GABmn5Gmn
kl ]kA] lB , ~7.16!

which is used to find the metric on the moduli space from
moduli potential.

As in the case of five-dimensional black holes above,
write the moduli potential as

m5m11m21m8, ~7.17!

where

m15E d3x(
A

l1Al2Al3Al4A

ux2yAu4 , ~7.18!

m25E d3x (
AÞB

F l1Al2Al3Al4B

ux2yAu3ux2yBu
1cyclic in~1,2,3,4!G ,

~7.19!

andm8 contains the rest of the terms. Bothm1 andm2 con-
tain divergent terms which however do not contribute to
moduli metric. In particular,m1 is independent form the po
sitions of the black holes and so it does not contribute. P
ting a cut off ux2yAu>d, we can evaluatem2 to find

m254p (
AÞB

Fl1Al2Al3Al4B

lnuyA2yBu1~12 ln d!

uyA2yBu

1cyclic in~1,2,3,4!G . ~7.20!

Next using

GCDmn

1

uyA2yBu
50, ~7.21!

we see that the divergent part does not contribute. So ig
ing the divergent part, we see that

~ymA]mA11!m252
1

2
K, ~7.22!

where

K5
p

4 (
AÞB

Fl1Al2Al3Al4B

1

uyA2yBu
1cyclic in~1,2,3,4!G ,

~7.23!

which is in the kernel ofGCDmn. Next, we can observe tha
m8 is homogeneous of degree21 and so

~ymA]mA11!m850. ~7.24!

From all these, we find that Eq.~7.15! holds forh521 and

D522ymA]mA ~7.25!

is a homothetic vector field. To generate special conform
transformations, the associated form ofD should be closed
as in the case of five-dimensional black holes. In particu
one can show that
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DmA522gmA,nBynB5]mAK. ~7.26!

For this, we have used the rotational invariance ofm under
SO(3), i.e.,

ymAe m
nl ] lBm50. ~7.27!

The above properties of the moduli metric indicate that
small black hole separation the effective theory admits
SL(2,R) symmetry. It turns out that the rest of the conditio
for superconformal invariance of@10# can also be verified.
So the effective action admits aD(2,1;0) superconforma
symmetry.

VIII. BLACK HOLES AND SPECIAL KA ¨ HLER
GEOMETRY

A. The black hole solutions

The action ofN52 four-dimensional supergravity with
n11 vectorsFI5dAI and n complex scalarsza has been
found in @44#. A class of such systems can be described
terms of a holomorphic homogeneous of degree two po
tial F5F(XI). It follows that

F5
1

2
FIX

I ,

FI5FIJXJ,
~8.1!

XIFIJK50,

XIFIJKL52FJKL ,

whereFI5(]/]XI)F, I 50, . . . ,n, and similarly for higher
order derivatives. Next we set

e2K[ i ~X̄IFI2XIF̄I !,

NIJ5 i ~ F̄ IJ2FIJ!, ~8.2!

NIJ5F̄ IJ1
i

~XNX!
~NX! I~NX!J ,

where (NX) I5NIJXJ, (NX̄) I5NIJX̄J, XNX5XIXJNIJ and
X̄NX̄5XNX. The existence of such a potentialF is not al-
ways guaranteed. The field equations ofN52 four-
dimensional supergravity are invariant under symplec
reparametrizations. It has been shown that one may use
to pass from a solution which possesses a potential to
which does not. However, throughout this section we sh
limit ourselves to configurations which possess a potentiaF.
The coordinatesXI are holomorphic functions ofza. The
bosonic part of theN52 four dimensional supergravity
action is
3-11
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S5E d4xAugu„R12@eKNIJ1e2K~NX̄! I~NX!J#]mXI]mX̄J

1 i ~NIJ2N̄IJ!F mn
I FJmn

…

2
1

2
~NIJ1N̄IJ!emnrsF mn

I F rs
J , ~8.3!

where we have chosene0123511. The field equations of Eq
~8.3! are as follows. The Einstein field equation is

Augu„Gmn12@eKNIJ1e2K~NX̄! I~NX!J#] (mXI]n)X̄
J

12i ~NIJ2N̄IJ!Fml
I Fn

Jl
…2

1

2
Augugmn„2@eKNIJ

1e2K~NX̄! I~NX!J#]lXI]lX̄J

1 i ~NIJ2N̄IJ!Frs
I FJrs

…50, ~8.4!

the vector potential field equations are

8]m~Augu@ Im NIJFJmn1ReNIJ
!FJmn#!50, ~8.5!

and the field equations of the scalarsza and z̄a are

H 22]m„Augu@eKNLJ1e2K~NX̄!L~NX!J#]
mX̄J

…

12Augu]L„e
KNIJ1e2K~NX̄! I~NX!J…]mXI]mX̄J

1 iAugu]L~NIJ2N̄IJ!F mm
I FJmn2

1

2
]L~NIJ

1N̄IJ!emnrsF mn
I F rs

J J ]aXL50 ~8.6!

and

H 22]m„Augu@eKNLJ1e2K~NX̄!J~NX!L#]mXJ
…

12Augu] L̄„e
KNIJ1e2K~NX̄! I~NX!J…]mXI]mX̄J

1 iAugu] L̄~NIJ2N̄IJ!F mm
I FJmn2

1

2
] L̄~NIJ

1N̄IJ!emnrsF mn
I F rs

J J ] āX̄L50, ~8.7!

respectively. In the equations above,]a and ] ā denote the
partial derivatives with respect toza and z̄a, respectively.

The static black hole solution which we shall consider h
XI real. In which case,F and all its derivatives can be chose
to be purely imaginary. The solution is

ds252eKdt21e2Kdx2,

A 0
I 5eKXI ,

~8.8!
A m

I 50,
06402
s

2iF I5HI ,

where

HI5hI1(
A

l IA

ux2yIAu
~8.9!

are harmonic functions. Using the definition ofK, we find
that for this solutione2K54iF . Now the last equation in Eq
~8.8! can be thought of as expressingn11 real scalars in
terms ofn11 real harmonic functions. From these,n scalars
are associated with the scalar fields of the supergra
theory and one with the components of the metric as in
five-dimensional case explained in section four. The cen
of the harmonic functions$yIA ; I 50, . . . ,n; A51, . . . ,nJ%
determine the positions of the black holes and$l IA ; I
50, . . . ,n; A51, . . . ,nI% are their electric charges. Th
above solution has delta function sources in the coordin
system that we are using to describe it. The appropr
source terms which should be added to the supergravity
tion are

Ssource5(
I ,A

E dt IAS 8pe~1/2!K~XI1X̄I !l IA

216pAm
I dyIA

m

dt IA
l IAD , ~8.10!

wheret IA is the proper time associated with the centresyIA
defined with respect to the metricg.

B. Perturbations

In order to determine the low energy behavior of the
solutions we allow the centresyIA to depend ont. We also
make the following additional first order in the velocitie
perturbations to the fields:

ds2→ds212eKpndt dxn,

A 0
I dt→A 0

I dt1~D n
I 2eKXIpn!dxn,

~8.11!

XI→XI1 iYI ,

whereYI is real, andpn , D n
I (n51,2,3) andYI are to be

determined by solving the equations of motion up to fi
order in the velocities.9 It turns out that using this perturba
tion ansatz only then-component of the gauge equation a
the 0n component of the Einstein equation together with t
field equations of the scalarza are modified by terms firs
order in the velocities. As the scalar perturbation is ima
nary, the conjugate scalar equation does not contain any
ditional information.

In particular the perturbed Einstein equation including t
sources from Eq.~8.10! gives

9One can perturb all of the fields in the theory around a soluti
but in this case the perturbation we have considered will suffice
3-12
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2
1

2
eK] l~]npl2] l pn!

12XI]0]nHI14ieK] lFI~]nD l
I 2] lD n

I !

58pXI( l IAd~x2yIA!v IAn ~8.12!

and the perturbed gauge equation including the sources g

4]0]nHI18i ]m„e
K~FIJ2F21FIFJ!~]mDIn2]nDIm!…

18i ]m„e
2KFI~]mpn2]npm!…

22emml]mYL] l~F21FIL !22emnl]m~F22YLFI !] lFL

516p( l IAd~x2yIA!v IA
n . ~8.13!

To proceed we contract Eq.~8.13! with 1
2 XI and subtract

it from Eq. ~8.12!. This leads to the simpler expression

]mF3i

8
F22~]mpn2]npm!1F22FI~]mD n

I 2]nD m
I !

12F21/2FJe nm
l ] l~F23/2YJ!G50. ~8.14!

The perturbed scalar equation including sources gives
o

06402
es

]aXLH ]mXS 2 iF 21FLJ1
1

2
F22FLFJD ]mYJC

1
i

2
F22]mYJ~FJ]mFL2FL]mFJ!2

3i

2
F22]mFJ]mFL

2
1

2
YJ]m~F22FL]mFJ!2

i

2
emnr

„]m~F21FJL!

1F22FJ]mFL…~]nD r
J 2] rD n

J !

1
1

4
F23/2emmr]m~F21/2FL!~]npr2] rpn!J 50.

~8.15!

We shall not continue to present the solutions to th
second order~with respect to spatial derivatives! equations in
this section, instead we shall first evaluate the term in
action which is quadratic in the velocities. From there it w
become clear that the perturbations solve a set of first o
equations.

C. The moduli metric

To compute the moduli metric, we must substitute t
solution to the perturbed field equations found in the pre
ous section into the total action~including source terms! and
compute the part which is second order in velocities. It
expected, as a consequence of the BPS condition, tha
zeroth and first order contributions to the action vanish. S
stituting the perturbation ansatz into the action~including the
sources!, and collecting the terms quadratic in the velocitie
we find
S~2!5E d4xF216]0FI]0~FXI !28p( e2KXIl IAuvIAu2d~x2yIA!2
1

4
e2K~]mpn2]npm!~]mpn2]npm!

22~]mDIn2]nDIm!~]mkIn2]nkIm!12ieK~2FIJ1F21FIFJ!„]mD n
I 2]nD m

I 2eKXI~]mpn2]npm…!

3„]mDJn2]nDJm2eKXJ~]mpn2]npm!…1S 1

2
F22FIFJ2F21FIJD ]mYI]mYJ2F22YI]mYJFJ]mFI

1
3

2
F22YKYL]mFK]mFL1YLemnr

„]m~F21FJL!1F22FJ]mFL…~]nD r
J 2] rD n

J !

1
i

2
F23/2YLemnr]m~F21/2FL!~]npr2] rpn!G , ~8.16!
where

kI
n5(

l IAv IA
n

ux2yIAu
. ~8.17!

It should be noted that on varying the fieldspn , D n
I andYI

one obtains the first order in the velocities field equations
 f

the previous section. To simplify the action we set

Qmn5]mpn2]npm2
4

3
HI~]mD n

I 2]nD m
I !

1
4i

3
F3/2FLemn

r] r~F23/2YL!

24iF 1/2YLemn
r] r~F21/2FL!, ~8.18!
3-13
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Q mn
I 5]mD n

I 2]nD m
I 12BIJ~]mkJn2]nkJm!1emn

l] lY
I ,

where

BIJ5F21~FIJ2F21FIFJ!; ~8.19!

BIJ is the inverse of the matrixBIJ . We shall assume tha
this inverse exists, this is certainly true in many interest
cases, like those of intersectingD-branes. Remarkably then
the second order action simplifies to

S~2!5E d4xF216]0FI]0~FXI !28p( e2KXIl IAuvIAu2

3d~x2yIA!12BIJ~]mkIn2]nkIm!~]mkJ
n2]nkJ

m!

1
3

4
e2KQmnQ

mn2
1

2
BIJQ mn

I QJmnG . ~8.20!

To proceed, we shall takeQ50 andQI50. It turns out that
these conditions are sufficient for solving the perturbed fi
equations. Furthermore, the portion of the above ac
which is independent ofQ and QI is precisely that which
leads to the effective action for the black holes which p
sesses the expectedN54 worldline supersymmetry. Solving
Q5QI50, we find

YI5
1

4p E d3z
1

ux2zu
e lmn] l„B

IJ~]mkJn2]nkJm!…~z!,

Dn
I 5

1

2p E d3z
1

ux2zu
] l
„BIJ~] lkJn2]nkJl!…~z!,

pn5
1

4p E d3z
1

ux2zu
] l
„16iFXI~] lkIn2]nkIl !

14i e ln
r~FL] rY

L2YL] rFL!…~z!. ~8.21!

Substituting the solutions for the perturbations back i
S(2), we find that

S~2!5E d4xF216]0FI]0~FXI !28p( e2KXIl IAuvIAu2

3d~x2yIA!12BIJ~]mkIn2]nkIm!~]mkJ
n2]nkJ

m!G .
~8.22!

The moduli metric can be read fromS(2). To analyze the
geometry of the moduli space we use the identities

BIJXJ5
1

3
F21FI ,

~8.23!
BIJ]m~FXJ!5]mFI .

It then follows that

]mIAF5
i

2
XI]mF l IA

ux2yIAuG ~8.24!
06402
g

d
n

-

o

and

]mIA]nJBF252
1

4
e2KXId IJdAB]m]n F l IA

ux2yIAuG
2

1

2
BIJ]mF l IA

ux2yIAuG]nF lJB

ux2yJBuG ,
~8.25!

where there is no sum overI or J and ]mIA denotes partial
differentiation with respect toymIA . Using all the above we
find

S~2!5E dt
1

2
gmIA nJBv IA

mvJB
n , ~8.26!

where

gmIA,nJB5]mIA]nJBm2]nIA]mJBm1dmnd
rl ] rIA] lJBm

~8.27!

and

m5216E d3xF2. ~8.28!

So the moduli metric is

ds25gmIA,nJBdymIAdynJB. ~8.29!

As an example we may consider the STU model withn
54. For this case the potential functionF is given by

F~XI !5 i ~X0X1X2X3!1/2. ~8.30!

This leads to the moduli potential

m516E d3xH0H1H2H3 . ~8.31!

From this we observe that the moduli space metric posse
the expectedN54 supersymmetry together with the appr
priate superconformal symmetry for those black holes as
ciated with harmonic functions with the same centers. T
moduli space metric is generated by a potential function
agreement with the conjecture~1.2!.

IX. CONCLUDING REMARKS

We have proposed that the moduli metric of a large cl
of four- and five-dimensional black holes can be determin
by a moduli potential. In turn this can be determined by t
components of the metric of the black hole solution as in E
~1.2!. Then we have provided evidence that such cho
gives consistent results. In particular, it describes all
black hole moduli metrics that have been computed exp
itly. In some cases, one can argue under certain assump
that the expression for the moduli potential~1.2! can be
shown using duality. Moreover, the associated effect
theories of black holes which are constructed using Eq.~1.2!
3-14
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exhibit the expected superconformal behavior at small bl
hole separations.

One can extend our construction to find aU-duality in-
variant expression for the moduli potential. However, for t
to be consistent one should useU-duality invariant black
hole solutions@46#; for recent work see for example@47#. In
four dimensions, such black holes carry the charges of
branes.10 It would be interesting to see whether our mod
potential formula still applies in this case.

It is clear from our results that the effective theories

10Note however that in string theory@48# as well as in supergrav
ity @49#, D6-branes repel D0-branes; although this may chang
other brane charges are present.
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black holes that have regular horizons exhibit supercon
mal symmetry at small black hole separations. This c
prove useful in understanding multi-black hole quantum m
chanics using the suggestion of@50# adapted for black holes
@51,52# and black hole moduli spaces@7,42,10#.
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